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Abstract 

I \ The hrst-order loop quantum gravity correction of the simplest, classical general relativistic Fried- 



mann Hamiltonian constraint, emerging from a holomorphic spinfoam cosmological model peaked 
on homogeneous, isotropic geometries, is studied. A quantum Hamiltonian constraint satisfied 
by the EPRL transition amplitude between the boundary cosmological coherent states includes 
a contribution of the order of the Planck constant that also appears in the corresponding semi- 
classical, symplectic model. The analysis of this term gives a quantum-gravitational correction to 
the classical Friedmann dynamics of the scale factor yielding an insignificantly small deceleration 
contribution in the expansion of the universe. The robustness of the physical interpretation is 
established for arbitrary refinements of the boundary graphs. Also, mathematical equivalences 
between the semiclassical cosmological model and certain classical fluid and scalar field theories 
are explored. 
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1 Introduction 



Bianchi, Rovelli and Vidotto have introduced a basic spinfoam model of quantum cosmology [1]. 

They started their analysis from covariant loop quantum gravity as in [2, 3], and computed the 

transition amplitude W between holomorphic, coherent quantum states of spacetime peaked on 

homogeneous, isotropic geometries. The model was truncated from the full quantum gravity Hilbert 

space H = 0Hr, with the sum running over abstract graphs T (i.e., a set of L links I and N nodes 
r 

n including two relations s and t assigning source and target nodes to each link), down to a single 
graph space T-Ly = ^2 [SU{2)^ / SU{2)^~\ , choosing the graph F = dC to be a dipole graph, and to a 
first-order vertex expansion of the two-complex C in the large volume limit, where the scale factor 
of the universe R is much larger than the Planck length Ip ~ 10~^^m. The theory includes all states 
I*) that have support on subgraphs of F since they are already contained in Hr- It loses states that 
need to be defined on larger graphs. This quantum regime approximation corresponds classically to 
a truncation of the degrees of freedom in general relativity to a finite level as given by the lowest 
modes of a mode expansion of the gravitational field on a compact space [4, 5]. Accordingly, the 
quantum-gravitational field is described by the interactions of a finite number of quanta of spacetime. 
The transition amplitude W turned out to be in the kernel of a differential operator H, i.e., HW = 0, 
of which the classical limit is the Hamiltonian constraint of the fiat Priedmannian cosmology in the 
absence of both a mass-energy content and a cosmological constant, describing the simplest but 
unphysical universe with a rather trivial dynamics. The operator H is the Priedmann operator plus 
a term proportional to H. Here, this term as well as its physical implications and their robustness are 
studied. It is also shown that its dynamical effect is the same as that of an ultralight, irrotational, 
stiff, perfect fluid matter content filling a classical universe [6, 7]. Furthermore, a mathematical 
correspondence between a stiff fluid and a scalar field, as demonstrated in [8], links the quantum 
correction to an effective, massless, real scalar field. 

Of course, the Bianchi-Rovelli- Vidotto (BRV) model depends on the specific assumptions made for 
the truncation of the degrees of freedom. This work is not meant to clarify, much less to solve 
the conceptual issues raised by these assumptions. Only the physics of the results of the BRV 
model is analyzed. Further, it is important to stress that the BRV model includes new degrees of 
freedom beyond that of standard cosmology because the geometry of the triangulation used in the 
construction of the two-complex C captures more degrees of freedom of the classical metric than 



1 



just the scale factor [4, 5]. While the quantum-gravitational states are peaked on homogeneous and 
isotropic geometries, inhomogeneous and anisotropic degrees of freedom, fluctuating around zero, are 
also taken into account. Therefore, the effect studied can be viewed either as a result of the quantum 
theory, or the extra classical degrees of freedom, or both. 

2 Semiclassical Friedmannian cosmology 

A semiclassical cosmological theory is derived, based on the loop quantum gravity BRV spinfoam 
model, allowing for an analysis of the emergent physics of a particular spinfoam model of quantum 
cosmology in an effective setting. The corresponding first-order quantum correction to tlie classical 
Fricdmann Hamiltonian constraint is found by making use of the fact that the Euclidean EPRL 
transition amplitude W between different homogeneous, isotropic, coherent quantum-gravitational 
states of spacetime is annihilated by a quantum Hamiltonian constraint operator H which gives 
a semiclassical phase space formulation in a suitable limit. It is this symplectic model that leads 
to a first-order quantum-geometry-corrected Priedmann Hamiltonian constraint. The validity and 
robustness of the results presented in this study is tested afterward within the Lorentzian framework 
for arbitrary refinements of regular (i.e., all nodes have the same valency), abstract boundary graphs. 

The EPRL model [2] defines transition amplitudes Zc associated to a given two-complex in the 
Euclidean theory given by 



where d/ = (|1 — 7|j/ + 1)((1 + 7)^/ + 1), jj G N/2 is the spin related to a face /, ie is an intertwiner 
corresponding to an edge e, denotes the Euclidean vertex amplitude of a vertex v and 7 is 
the Immirzi parameter. The vertex amplitude takes on a simple form when it is evaluated in the 
holomorphic Hilbert space basis of the gauge invariant, coherent states 




(1) 
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which are defined as integrals on SU(2) with Ui S SU(2), Hi S SL(2,C) and the analytic continuation 
Kf of the heat kernel function on SU(2) to SL(2,C). Explicitly, the holomorphic representation of 
the Euclidean vertex amplitude reads 



= ^^^^^^ n n E(2i^ + 1) {-2thji{ji + 1)) TtI^D^^'HHi) yt DO-^iD G^^J) y) , 



(3) 



where D^^'-^ is the analytic continuation of the Wigner matrix of the spin-j; representation of SU(2) 
to SL(2,C), D^^i''^i ) is the Wigner matrix of the spin-(j^^, j^^) representation of S0(4) and y is a 
map gluing these matrices of different dimensions together. The transition amplitude ^ in the BRV 
cosmological model between two homogeneous, isotropic, coherent states [1, 9] is given by 



W{zi, Zf) = N^z,zf exp (^-^y^^ , (4) 

where the parameter t is a measure for the spread of the Gaussian, = —Am'^NQ/t^h is a constant 
factor which is derived in detail in [1, 12], and Zj are two complex variables, with j G {z = initial, / = 
final}, reading 



Zi 



acj+xfipj. (5) 



The functions Cj = jRj and pj = are the loop quantum cosmology canonical variables that depend 
on the standard cosmology scale factor Rj and its derivative Rj with respect to a cosmological time 
parameter T [10, 11]. The constants a and (3 or rather their product is going to be fixed in the 
course of this section. The transition amplitude (HJ can be factorized 



W{z^,Zf)=W^{zi)Wf{zf) (6) 



with the functions 
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VF,(z,) = iVz,exp . (7) 



These fulfill the (stationary) Schrodinger-like operator equation 



HWj := Iz]- t^h^ ^ - 3t?i ) Wj = (8) 



which describes the curvature of the graph of each of the functions Wj and, therefore, constitutes an 
evolution equation. The index j is, from now on, suppressed for convenience. The semiclassical limit 
of this quantum constraint can be found using the following heuristic reasoning. A classical dynamical 
system can be defined by a triple {M,u},H) with the 2m-dimensional (phase) space M, with the 
coordinates and the momenta pi, the symplectic two- form uj = dpi A dq* and the Hamiltonian H. 
Considering a one-dimensional system with configuration variable q = z and conjugated momentum 
Pq = Pz = —z/t, one obtains the symplectic structure 

oj = —dz A dz and {z, z} = —t. (9) 
The corresponding quantum theory, satisfying the fundamental commutator 

[z,^]_ = h{z,z], (10) 
is, therefore, given by the correspondence principle 



_ - «9 

z^'z = z and z^z = th—. (11) 

dz 

In this representation, £ and z are multiplicative and derivative operators, respectively. By means 
of this correspondence principle, the transition from the quantum constraint equation ([8]) to a semi- 
classical, symplectic theory of the form 
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- - 3th = 



(12) 



is realized. In terms of the scale factor and its derivative, this equation leads to a first-order quantum- 
geometry-corrected, semiclassical Friedmann Hamiltonian constraint 

//. = ifc,. + %. = -4(«fl= + m)=0, (13) 

where Hci = —3RR'^/{8ttG) is the Hamiltonian constraint that governs the gravitational part of 
the dynamics of classical general relativistic Priedmannian cosmology. Note that since the precise 
relation between the transition amplitudes of the EPRL model and any canonical loop quantum 
gravity dynamics is unknown, nonetheless there are certain points of contact, the quantum Hamil- 
tonian constraint ([8]) and the symplectic structure ([H) have to be taken as inputs. Furthermore, 
after a derivation of the EPRL transition amplitude in a coordinate-independent setting, a change 
from generally covariant variables to coordinates in a Hamiltonian formulation was introduced by 
parametrizing the scale factor and its derivative in terms of a cosmological time T. With all due 
caveats, the specific first-order BRV quantum modification Hq^ to the classical Friedmann con- 
straint Hci. is taken seriously, and the physics it describes is analyzed. The product a/3 appearing in 
the quantum contribution Hq^, can be fixed by comparing the Poisson bracket of z and z in Q with 
the Poisson bracket of the loop quantum cosmology variables c and p by way of {z, z} = —2iaf3{c,p}, 
yielding a(3 = — 3it/(167r7G). The Hamiltonian constraint (llSp is recast in the form of the non- linear, 
homogeneous, ordinary differential equation 



R-^ = 0, (14) 

where Ip = \J%G is the Planck length. The solution of the first-order quantum Friedmann Hamilto- 
nian constraint Eq. ()14p . i.e., the scale factor R(T), is found by a simple integration with respect to 
the cosmological time T, and reads 



R{T) = {UttIIt + Xoy^\ (15) 
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The undetermined constant Aq can be subsequently defined by imposing initial conditions on the 
cosmology. It should be noted that the semiclassical scale factor does not depend on the parameter 
t which is originally used in the coherent states. It is not entering the final result because the 
dependence on t is "absorbed" into the symplectic structure Q due to the special choice of the 
conjugated momentum pz = —z/t. In the classical limit Ip — )• 0, one recovers the well-known result 
R{T) = Xq^^ = const, from cosmological studies in the context of pure gravity without matter which 
is, in the large volume limit, just flat space. Since the BRV quantum-cosmological model includes 
fluctuations of the inhomogeneous and anisotropic degrees of freedom, the scale factor modification 
presented in ([15]) can either be seen as being of quantum origin, or to be due to the extra degrees of 
freedom introduced in the BRV model, or both. 



3 Robustness of the semiclassical cosmological model 



By appropriately including higher-order contributions in the graph and vertex expansions to im- 
prove the accuracy of the truncations, one would naturally expect to obtain changes regarding the 
transition amplitude and, thus, for the semiclassical model. However, [13] provides a procedure in 
the Lorentzian EPRL spinfoam model to recover more degrees of freedom by refining the complex, 
indicating that the form of the quantum-gravitational correction in the semiclassical limit does not 
depend on those refinements of the boundary graphs. 

In particular, the BRV cosmological model was generalized to the Lorentzian EPRL model with 
spinfoam transition amplitudes 



= E n(% + 1) n w-Uf,^e) (16) 

jf,ie f V 

for any regular, abstract boundary graph with arbitrary numbers of nodes N and links L. The 
Lorentzian vertex amplitude is defined as an integral over SL(2,C). The first-order vertex ex- 
pansion of the transition amplitude between homogeneous, isotropic, coherent states in this setting 
reads 
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W,A^) = Nr(L.N) [^y" [^y-^ exp (-A,^) (17) 

which is, in general, of a different functional form than the corresponding, much simpler Euclidean 
EPRL transition amplitude, as expected. Nonetheless, applying the same rudimentary dipole graph 
expansion, with L = 4 and = 2, in the Lorentzian framework leads to the same result as presented 
in the Euclidean model. Therefore, the difference at hand can only come from the graph refinements, 
not the change from the Euclidean to the Lorentzian model. The transition amplitude (jl7p satisfies 
the Schrodinger-like quantum constraint equation 



r.Tx. ^2 16*2^252 4th(2L-5) 16t2n2(L-4)(L-3)\,,, 

H WlM^) = ^z' - ^ ^— + ^-jj^ '-j WlM^) = 0. (18) 

Restricting the analysis to first-order quantum-gravitational corrections in the large scale limit and 
using the correspondence principle 

^ _ ^ Ath d 
z^z = z and z ^ z = — , (19) 

L oz 

one obtains the following semiclassical equation 



^_^_AtmL-S)^^ (20) 



which in terms of the scale factor and its derivative is given by 



The solution to this differential equation yields 



. 167r/2(2L-5) , ^ 

R — = 0- (21) 



/167r/2(2L-5) 

R{T) = { -T + \A . (22) 
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The extended effective dynamics as stated above for arbitrary refinements of the boundary graphs 
shows the control of the behavior the semiclassical theory under a change of the two-complex, in- 
dicating the robustness of the physical interpretation, at least with respect to the specific vertex 
expansion chosen. The semiclassical behavior of the generalized Lorentzian model is, thus, identical 
to the one emerging from the Euclidean BRV model and is independent of the (regular) boundary 
graph structures. 

4 Semiclassical cosmological model, ultralight, irrotational, stiff, 
perfect fluid and massless, real scalar fleld theories 

An isotropic expansion of space as described by the scale factor (j22p can also be obtained in a 
classical setting, considering a Friedmannian cosmology in the presence of a specific fluid matter 
content. Thus, a comparison of the temporal evolutions of the semiclassical scale factor with a 
classical scale factor for a universe with this mass-energy content is presented. In particular, it is 
shown that the quantum-geometrical correction resembles the effect of an ultralight, irrotational, 
stiff, perfect fluid in a classical, flat Friedmann universe in the absence of a cosmological constant. 
Therefore, in order to study the cosmological dynamics of such a perfect fluid in a homogeneous 
and isotropic spacetime, one solves the flrst Friedmann equation and the equation for mass-energy 
conservation simultaneously. In all generality, these dynamical equations are usually derived on a 
flat Minkowskian background, described by means of the metric -q^i, = diag(— 1, 1, 1, 1) as well as 
with the energy-momentum tensor for a perfect fluid 



The physical quantity p is the energy density, P is the isotropic pressure and {u'^) = (1, 0, 0, 0) is the 
fluid's four-velocity in a comoving, inertial frame. Then, the (0, 0)-component and the trace of the 
Einstein equations are leading to the independent Friedmann equations 



(23) 




(24) 
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and 



R A-kG , , , , 

;^ = -^(/> + 3P), (25) 



respectively. The equation for mass-energy conservation can be obtained by differentiation of Eq. (p4 
with respect to the time parameter and by substituting the result into the second Friedmann equation 
([25]) yielding 



±ipR')=-P'^. (26) 

In the special case of a stable, ultralight, irrotational, stiff, perfect fluid being present as matter 
content [6, 7], the general perfect fluid equation of state 



P = wp (27) 



becomes 



P = p (28) 

with an extremal equation of state parameter w = 1. This is the largest value consistent with 
causality, e.g., the speed of sound of the fluid equals the speed of light. The energy density p as a 
function of the scale factor, as implied by the mass-energy conservation equation (|26p for such an 
exotic fluid, is given by 



which, reinserted into Eq. (|24p . leads, after some basic algebraic manipulations, to the following 
differential equation 
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(30) 



This equation matches the form of the semiclassical Hamiltonian constraint equation (j2ip . hence, 
reveahng a similarity between the quantum-gravitational contribution Hqu. and the presence of an 
ultralight, irrotational, stiff, perfect fluid, with po = 327r/p(2L — 5)^/(3L^G), in a flat Friedmannian 
cosmology without cosmological constant. It is noteworthy that this particular fluid corresponds to 
a massless, real scalar field (for a detailed discussion of the local correspondence between this fluid 
and the scalar field see [8] and references therein) which can be shown as follows. One begins with 
combining the energy-momentum tensor ()23p and the extremal equation of state ()28p yielding 



Tt"" = p{2u''u'' + 7]'"') . (31) 
Since the four- velocity u is irrotational, i.e., 

V[^n,] = 0, (32) 
it can be written in terms of a future-pointing, timelike gradient of a real scalar field 



/2pu^ = V^i;. (33) 
The energy-momentum tensor (j3ip becomes 



Tf"" = V^V'V^V - ^ r/^^'V^^V'^V- (34) 

Meeting the energy-momentum conservation condition V ^T^'^ = 0, the scalar field tp satisfies a 
massless, minimally coupled wave equation 



V^V^^ = 0. (35) 
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While the equivalences presented here are mathematical similarities between the semiclassical cos- 
mological model, the fluid picture and the scalar fleld theory and merely demonstrate that different 
matter couplings and quantum-geometrical contributions can have the same physical effects, the 
resemblance between the semiclassical Priedmannian cosmology and the scalar field model in partic- 
ular, strengthens nonetheless the position that a scalar field can be interpreted, in the sense of an 
effective theory, as a semiclassical approximation to some more general quantum field, given, in this 
context, by the cosmological BRV model. 



5 Conclusions 



Spinfoam cosmology is a subject of increasing interest. The work done so far has successfully high- 
lighted a cosmological sector in the covariant loop quantization of general relativity by computing 
transition amplitudes between two quantum-gravitational states that describe the geometrical struc- 
ture of the universe induced by pure gravity without matter. Disregarding the conceptual issues that 
spinfoam models and, therefore, spinfoam cosmology are facing today, the results obtained from the 
BRV quantum-cosmological model were considered to hold in order to study the emergent physics 
in a semiclassical framework. The leading-order quantum-gravitational correction of the order of 
the Planck constant h was added to the simplest, classical Priedmann Hamiltonian constraint. The 
solution of this particular semiclassical Priedmann model describes a universe with an insignificantly 
small decelerating expansion (of the order Ip^^) . It was shown that the same findings correspond to 
those of a classical, flat Priedmannian cosmology without cosmological constant, coupled to an ultra- 
light, irrotational, stiff, perfect fluid matter distribution or a masslcss, real scalar field theory. The 
quantum-gravitational modification and its effect yield the same findings in the frameworks of the 
Euclidean as well as the Lorentzian EPRL models. They are robust with respect to changes in the 
numbers of nodes N and links L of regular, abstract boundary graphs. However, improved spinfoam 
amplitudes have to be computed, at least to the next order in the vertex expansion in order to have 
irrefutable and conclusive proof of the validity of the approximation and its physical interpretation. 

Purther studies of spinfoam models with quantum matter sources are necessary to describe realistic 
scenarios in quantum cosmology. Applying a semiclassical approximation scheme as presented here 
may lead to the determination of more precise theoretical limits for astrophysical quantities, like the 
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Hubble parameter, for comparison with experiments and to an explanation of the concept of dark 
energy in terms of loop quantum gravity modifications. Also, it would be interesting to investigate 
potential connections of the semiclassical cosmological model, especially the fluid equivalence, to 
superfluid vacuum theories, an approach in theoretical physics and quantum mechanics, where the 
fundamental, physical vacuum is considered to be a superfluid. 
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